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Abstract. We consider some metrics and weak metrics defined on the Te- 
ichmiiller space of a surface of finite type with nonempty boundary, that are 
defined using the hyperbolic length spectrum of simple closed curves and of 
properly embedded arcs, and we compare these metrics and weak metrics with 
the Tcichmuller metric. The comparison is on subsets of Tcichmiiller space 
which we call "eo-relativc e-thick parts" , and whose definition depends on the 
choice of some positive constants so and e. Meanwhile, we give a formula for 
the Tcichmuller metric of a surface with boundary in terms of extremal lengths 
of families of arcs. 
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1. Introduction 

In this paper, S is a connected oriented surface of finite topological type with 
nonempty boundary. The surface S is obtained from a closed oriented surface by 
removing a finite number p > of punctures and a finite number b > 1 of disjoint 
open disks. We shall say that S has p punctures and b boundary components, 
or that it is of type (g,p,b). The boundary of S is denoted by dS, and we shall 
assume throughout the paper that dS ^ unless the contrary is explicitly stated. 
The Euler characteristic of S is equal to x(S) — 2 — 2g — p — b, and we shall always 
assume that x('S') < 0. 

We shall consider conformal (or Riemann surface) structures on S. By the 
expression "conformal structure" on a surface S with nonempty boundary, we mean 
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that the topological interior of S is equipped with a conformal structure in the usual 
sense, and that the following two properties are satisfied: 

(1) each puncture has a neighborhood which is conformally equivalent to the 
punctured disk {z £ C | < \z\ < 1}; 

(2) each boundary component has a neighborhood which is conformally equiv- 
alent to an annulus of finite modulus {z £ C | a < \z\ < 1} for some positive 
constant a that depends on the puncture. 

To simplify notation, we shall also denote by the same letter S the surface 
equipped with a conformal structure. Then, S denotes the surface S equipped with 
the mirror-image conformal structure. We recall that this means that a conformal 
atlas for S is obtained from an atlas for S by composing each local coordinate z for 
S with the conjugation map z i— ► z. We let S d = SUS denote the conformal double 
of S, obtained by gluing S and S along corresponding boundary components, using 
the identity map. The surface S d is equipped with a natural anti-holomorphic 
involution, whose fixed point set is the boundary of S, considered as embedded 
in S . By the Poincare uniformization theorem, S d carries a unique complete 
hyperbolic metric which is compatible with its conformal structure. Because of 
the symmetry in the definition of 5, this hyperbolic metric is invariant under the 
natural anti-holomorphic involution of S d . The canonical hyperbolic metric on S is 
the restriction to S (with respect to the natural inclusion S C S d ) of this complete 
hyperbolic metric on S d . The conformal structure that underlies the canonical 
hyperbolic metric on S is the conformal structure that we started with. 

We denote by 7(S) the reduced Teichmiiller space of marked conformal structures 
on S. This is the set of equivalence classes of pairs {X, /), where X is a Riemann 
surface and / : S — ► X is a homeomorphism (called the marking), and where 
(Xi,/i) is considered to be equivalent to (X2, f2) if there is a conformal map 
h : X\ —* X2 which is homotopic to /2 f\ l ■ We recall that in the reduced theory, 
homotopies need not fix the boundary of S pointwise. Since all Teichmiiller spaces 
that we consider are reduced, we shall omit the word "reduced" in our exposition. 
Furthermore, we shall often denote an element (X, f) of 7(S) by X, without explicit 
reference to the marking. 

The elements of 7(S) can also be taken to be (equivalence classes of) hyperbolic 
metrics with geodesic boundary, and these metrics will always be the canonical 
hyperbolic metrics for the conformal structures they induce. 

In the paper [9], we studied some metrics and weak metrics on the Teichmiiller 
space 7(S), defined using the hyperbolic length spectrum of simple closed curves 
and of properly embedded arcs in S. In the present paper, we compare these 
metrics and weak metrics with the Teichmiiller metric on 7(S), on subsets of this 
space which we call "eo-relative e-thick parts" , whose definition depends on the 
choice of some positive constants Eo and e, and which we describe below. 

2. On the geometry of surfaces with boundary 

We need to give some complements to Thurston's theory concerning a surface S 
with boundary. As a general rule, the point is to include in the theory the study of 
arcs joining boundary components, instead of dealing only with simple closed curves 
on the surface. As we shall see, many results on spaces associated to a surface S 
with boundary can be recovered from corresponding results on a surface without 
boundary by taking the double of S. In this section, we recall some definitions 
and give precise statements concerning some topological and conformal notions on 
surfaces with boundary. Abikoff 's book [T] deals with surfaces with boundary, and 
there is also a small subsection on quadratic differentials on surfaces with boundary 
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in Strebel's book (see [T7| p. 157). 

We first recall a few topological definitions. A simple closed curve in S is said 
to be peripheral if it is nomotopic to a puncture. It is said to be essential if it is 
non-peripheral and if it is not homotopic to a point (but it can be homotopic to a 
boundary component). 

We let 6 = G(S) be the set of homotopy classes of essential simple closed curves 
on S. 

An arc in S is the homeomorphic image of a closed interval which is properly 
embedded in S (that is, the interior of the arc is in the interior of S and the 
cndpoints of the arc are on the boundary of S). All homotopies of arcs that we 
consider are relative to dS, that is, they leave the endpoints of arcs on the set 
dS (but they do not necessarily fix pointwise the endpoints). An arc is said to be 
essential if it is not homotopic (relative to dS) to a map whose image is in OS. 

We let 23 = 23 (S 1 ) be the union of the set of homotopy classes of essential arcs on 
S with the set of homotopy classes of simple closed curves which are homotopic to 
boundary components. 

We shall denote by [7] 6 23 U 6 the equivalence class of a simple closed curve or 
of an arc 7 on S. 

For any [7] G 23 U 6 and for any A £ T(S), we let ^ x be the geodesic representa- 
tive of [7] (that is, the curve of shortest length in the homotopy class relative to dS) 
with respect to the hyperbolic structure A, if A is a hyperbolic structure, or with 
respect to the canonical hyperbolic metric associated to the conformal structure A, 
if A is only a conformal structure. The geodesic ^ x is unique; it coincides with 
a boundary component if [7] is the homotopy class of that boundary component, 
and it is orthogonal to dS at each intersection point if [7] is the homotopy class of 
an arc. We denote by lx(l) the length of j x with respect to the hyperbolic metric 
A. To simplify notation, we shall sometimes denote [7] by 7. 

We denote by ML(S) the space of measured geodesic laminations on S. This 
space is equipped with a topology defined by Thurston (cf. [19]). 

We recall that any measured geodesic lamination on a hyperbolic surface of finite 
topological type can be decomposed as the union of finitely many components whose 
support is of one of the following three types: 

(1) an essential geodesic arc; 

(2) a boundary component; 

(3) a geodesic lamination in the interior of S which is minimal, that is, in which 
every leaf is dense. 

Finally, we recall that there are natural homeomorphisms between the spaces 
MXj(S), when the hyperbolic structure on S varies, so that it is possible to talk 
about a measured geodesic laminations on S without referring to a specific hyper- 
bolic structure on that surface. Such a space 'ML(S) is also canonically homeomor- 
phic to the space M3 r (S) of equivalence classes of measured foliations on S. An arc 
(respectively, hyperbolic structure, simple closed curve, measured lamination, etc.) 
on S d is said to be symmetric if it is invariant by the natural involution. 

In what follows, quadratic differentials are as usual assumed to be meromorphic 
with at most simple poles at punctures. Quadratic differentials on a conformal 
surface with boundary are assumed to take real values on vectors tangent to the 
boundary components. More precisely, such a quadratic differential cf) can have 
(isolated) zeroes on dS, and it satisfies <p(z)dz 2 > or cp(z)dz 2 < for any tangent 
vector dz which is tangent to dS at a point on dS which is in the complement of 
the zeroes of (p. 
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A quadratic differential equips the underlying surface with a pair of measured 
foliations, namely, its horizontal and vertical foliations. On surfaces with boundary, 
measured foliations are allowed to be transverse to the boundary or tangent to 
the boundary, and both cases can occur at the same boundary component, as in 
Figure [TJ By a result of Hubbard and Masur (cf . [7] , adapted to the case of 
surfaces with boundary), the ordered pair consisting of the horizontal and vertical 
measured foliation of a quadratic differential (and even, the pair of their Whitehead 
equivalence classes in the sense of Thurston) completely determines this quadratic 
differential. 

Given a surface S equipped with a quadratic differential </>, each point on a 
boundary component of S which is a nonzero point of <f> has a neighborhood where 
the horizontal and vertical measured foliations are either perpendicular or tangent 
to the boundary. (As already said, both kinds of behavior can occur at a given 
boundary component, as in Figure[TJ) The quadratic differential <fr gives, by reflec- 
tion along dS, a well-defined quadratic differential on the double S d of S. 

The Teichmiillcr metric cIt on 7(S) is defined by 

d T (X,Y) = ^mnogK(f) 

for any two marked conformal structures X and Y on S, where the infimum is 
taken over all quasiconformal homeomorphisms / : X — > Y and where K(f) is the 
dilatation of /. 

If X and Y are two conformal structures on S, then a quasiconformal homeo- 
morphism / : X — > Y extends to a quasiconformal homeomorphism f d : X d — » Y d 
between the conformal doubles, with the same dilatation K(f). 

A Teichmiiller map / : X — > Y extends to a Teichmuller map f d : X d — ► Y d . 
From the uniqueness of Teichmuller maps, f d commutes with the natural anti- 
holomorphic involutions of the Riemann surfaces X d and Y d , and its associated 
initial quadratic differential is the double of the quadratic differential of /. In 
particular, the horizontal and vertical measured foliations of f d are symmetric with 
respect to the natural involution of X d . 

Theorem 2.1 (Wolpcrt's inequality for surfaces with boundary). Let X and Y be 
two hyperbolic structures on S and let f : X — > Y be a K -quasiconformal homeo- 
morphism. For any element 7 which is either an essential simple closed curve or 
an essential arc on S, we have 

The result for closed curves on surfaces without boundary is in Wolpert [H] . The 
result for arcs follows by doubling. Indeed, doubling a quasiconformal homeomor- 
phism produces on the doubled surface a quasiconformal homeomorphism with the 




FIGURE 1 . The leaves of a measured foliation can be either transverse 
or tangent to the boundary component of the surface. 
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same dilatation. Doubling a geodesic X- or Y-arc produces a simple closed geodesic 
on the doubled hyperbolic surface X d or Y d respectively. Wolpert's inequality for 
arcs in S follows then from the inequality for simple closed curves on the double. 

3. Extremal length and the Teichmuller metric 

The notion of extremal length for families of curves or of arcs on a Riemann 
surface was introduced by Ahlfors and Beurling [3] . We follow the exposition that 
Kerckhoff gives in [8] for elements of 6(5), which we adapt to elements of 23(5) U 

e(s). 

There are two equivalent definitions of extremal length, one which Kerckhoff 
calls analytic, and another one which he calls geometric. 

We consider a fixed Riemann surface structure on S. A conformal metric on 
S is a Riemannian metric which may have isolated singularities and whose length 
element in every holomorphic coordinate z in the complement of the singularities 
can be written as p(z)\dz\, where p is a nonnegativc real- valued function. We let 
Ax denote the total area of the metric X . 

Definition 3.1 (Analytic). The extremal length of 7 G <Z{S) U3(5) is the quantity 

^( 7 )= SU p^ 
x A x 

where the supremum is taken over all conformal metrics satisfying < Ax < 00. 

Given a conformal metric X on S, we shall also use the notation Ex{^l) to 
denote the extremal length of a family 7 of closed curves or of arcs on S, meaning 
that we consider the extremal length of 7 with respect to the conformal structure 
underlying X. In general, the metrics X that we shall consider will be hyperbolic. 

Since the area of any hyperbolic metric X on S is equal to 27r|x(S')|, it follows 
from the above definition that for any clement 7 in 23 U 6 wc have 

For the geometric definition of conformal length, we need to consider cylinders 
and quadrilaterals in Riemann surfaces, and we recall the definitions. 

A cylinder in a Riemann surface S is a surface with boundary which is home- 
omorphic to a compact Euclidean annulus, which is immersed in S in such a way 
that its interior is embedded. If C is any closed curve in S homotopic to a boundary 
component of a cylinder, then we say that C is a core curve of the cylinder. 

We shall consider quadrilaterals only on Riemann surfaces with nonempty bound- 
ary. A quadrilateral in such a surface S is a closed disk with two disjoint distin- 
guished curves on its boundary, the disk being immersed in S with embedded 
interior, such that the distinguished curves are arcs in S in the sense defined above, 
and such that the two curves in the complement of the distinguished curves in the 
boundary of the quadrilateral are contained in dS. Note that the two distinguished 
curves are then homotopic in S relative to OS. The distinguished curves and the 
two components of their complement in the boundary of the quadrilateral are called 
the edges of the quadrilateral. 

If C is any arc in S which is homotopic to one of the two distinguished edges of 
the quadrilateral, then we say that the quadrilateral has core arc C . 

Any cylinder or quadrilateral in S is equipped with a conformal structure induced 
from that of S. In this way, a cylinder in S is conformally equivalent to a Euclidean 
annulus of the form {z G C, r\ < \z\ < r^\. Although such a Euclidean annulus 
is not unique, the quotient ri/ra is well-defined up to the choice of the boundary 
component of the cylinder that is sent to the interior component of the Euclidean 
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annulus, and it is called the modulus of the Euclidean annulus and of the given 
cylinder in 5. (Sometimes a factor of 1/2-7T is introduced in the definition of the 
modulus, but this is irrelevant to the present paper.) 

Likewise, any quadrilateral in 5 is conformally equivalent to a Euclidean rectan- 
gle of the form {z G C, < 5R(z) < ri,0 < < r2}, with the distinguished 
edges sent to the vertical edges of this Euclidean rectangle. Again, although such a 
Euclidean rectangle is not unique, the quotient T\jti is uniquely defined, and it is 
called the modulus of the Euclidean rectangle and of the given quadrilateral in 5. 

The modulus of a quadrilateral or of an annulus A in 5 is denoted by m(A). 

Definition 3.2 (Geometric). The extremal length E(j) of an element 7 in 6(5) 
(respectively in 2(5)) is equal to 

A m(A) 

where the infimum is taken over all cylinders (respectively quadrilaterals) in 5 with 
core curve (respectively core arc) in the homotopy class 7. 

We shall use the fact that the extremal length function has a continuous extension 
from the sets of homotopy classes of arcs and curves to the space of measured 
foliations. We refer to Kerckhoff [5] for the case of surfaces without boundary, and 
we note the following, concerning the definition of a measured foliation on a surface 
with boundary, which make the results apply for such surfaces: 

A measured foliation on a surface 5 with boundary is a measured on the interior 
of 5, which extends to the boundary of 5, such that furthermore the following 
holds: 

• The double of any measured foliation on 5 is a measured foliation on S d . 

• The restriction to 5 of any measured foliation on S d is a measured foliation 
on 5. Here, the surface 5 is considered as embedded in S d in such a way 
that its boundary dS is in minimal position with respect to the foliation 
on S d (cf. [5] p. 76 for the notion of minimal position, called there "quasi- 
transverse" position). 

Kerckhoff's formula for the Teichmuller metric in terms of extremal length is 
generalized as follows for surfaces with boundary: 

Theorem 3.3. If X andY are two conformal structures on S, then the Teichmuller 
distance between them is equal to 

d T (X,Y) = hog sup 

Proof. In the case of closed surfaces, the proof of this formula is in [8] p. 36 (with 
the supremum being taken over 7 in 6, since the set 25 is empty). For a surface of 
finite type without boundary, the same proof applies because the curves which are 
parallel to the punctures (that is, the peripheral curves), are not part of the same 
6, and therefore they are not involved in the proof. For general surfaces of finite 
topological type, the formula is obtained by taking the double, and we now outline 
the proof. 

We have dr{X, Y) = dT(X d , Y d ), since Teichmiillcr distances are realized by Te- 
ichmiiller maps, and, as we recalled above, a Teichmuller map between the surfaces 
without boundary X d and Y d induces a map between X and Y, with the same 
dilatation, which will also be the Teichmiillcr map between the two doubles, since 
Teichmuller maps are unique. (Note that we are using the same notation dx for 
the Teichmuller distance on T(5) and of T(5 d ).) 

By Kerckhoff's formula for surfaces without boundary, we have 
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4r(X-y) = i]og -up 

2 7 ee(S d ) ^47) 

and the supremum is realized by the extremal length of the vertical foliation of 
the initial quadratic differential q associated to the Teichmiiller map between the 
conformal structures X and Y (see also [5] p. 36). Since the quadratic differential 
and its vertical foliation are invariant by the natural involution of X d , and since 
the Teichmiiller map restricts to a Teichmiiller map between the two surfaces X 
and Y, the supremum 

Evil) 

76C(S)US(S) E X \1) 

is realized by the restriction on X of the vertical foliation of the quadratic differential 
q. This implies 

d T (X,Y) <ilog sup 

1 7 ee(s)us(s) E X \J) 

But the last inequality must be an equality, since if there were an element 7 in 
6(5) US (5) satisfying 

1 EvM 

then, taking the doubles of the Teichmiiller maps between X and Y and the double 
7 d of 7, we would have an element 7 d in 6(5 d ) U 2(5 ) satisfying 



d T (x d ,y d ) < - log 



2 b i?A(7 d )' 

which by Kerckhoff 's formula for the Teichmiiller metric of surfaces without bound- 
ary is excluded. □ 



We now deduce from Theorem 13.31 another formula for the Teichmiiller metric 
on the Teichmiiller space of a surface with boundary, which instead of using the 
extremal lengths of closed curves and of arcs, uses only extremal lengths of arcs. 
The idea is to approximate curves with arcs. We start with the following lemma 
which is extracted from [§]: 

Lemma 3.4. Let [3 be a component of dS, let a be a measured foliation on 5 and 
let a d be its double. Then, there exists a sequence of symmetric simple closed curves 
on S d converging to a d in the topology of 3 M3 r (5 ci ) such that each of these simple 
closed curves intersects essentially in exactly two points the image of (3 in S d , and 
intersects no other component of the image of dS in S d . 

From this we deduce the following: 

Theorem 3.5. If X andY are two conformal structures on S, then the Teichmiiller 
distance between them is equal to 

d T (X,y) = ilogsup|4^. 

2 s E x (J) 

Proof. We use the continuous extension of the extremal length function on the space 
M5F(5) of measured foliations. Let a be a simple closed curve on 5. Consider its 
double a d in S d . By Lemma [3.4[ there exists a sequence of symmetric weighted 
simple closed curves (7^) such that lim^oo j d = a d in MJ(5). Let X d and Y d be 
the doubles of the conformal structures X and Y. We can assume the sequence of 
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symmetric simple closed curves (7^) on S d to be equipped, as elements of M3 r (S d ), 
with the counting measure. Then, we have 

Ey^t) E Yd {a d ) 



0. 



Ex^li) E xd {a d ) 
We conclude that for any simple closed curve a in S, there exists a sequence of 
connected arcs (j n ) in 23 such that 

M7n) E r( a ) 



Exiln) E x (a) 



0. 



This gives 

Ey(a) E Y {i) 

aenue E x {a) 7eS ^x(7j 
which concludes the proof. □ 

Let us study a little further the function 

(x,r)^Iiogsu P |^. 

First note that, in the case where the surface S is a pair of pants, this function 
does not define a metric, since it can take negative values. To see this, we take 
two conformal structures X and Y on S such that for each of the structures, the 
three boundary components have the same extremal length (for instance, we can 
take two hyperbolic structures such that the three boundary components of each 
one have the same lengths) and such that the value of the extremal length for the 
conformal structure Y is less than the corresponding value for the structure X . It 

1 Eyh) 

is clear in this case that - log sup — < 0. Actually, one has more generally the 

2 e Ex(T/) 
following result, whose proof follows. 

Proposition 3.6. Let X be a Riemann surface with boundary. Then there exists 
a Riemann surface structure Y ^ X on the same topological surface such that 

1, E Y h) „ 

-logsup-^ <0. 

2 e ExW) 

1 EyM 

In particular, this shows that the function - log sup— — p— r on 7(S) does not 

2 e E x (7) 

separate points. 



Remark 3.7. In [To] , Parlier proved an analogue of Proposition ^. 61 in the case the 
case where extremal lengths are replaced by hyperbolic lengths. 

Before proving this proposition, let us recall a few facts on Nielsen extensions. 

Let X be a Riemann surface with boundary. Consider the unique complete 
hyperbolic metric associated to the conformal structure on the interior of X by the 
Uniformization Theorem. This hyperbolic metric is complete and there exists, for 
each boundary component Cj, i = 1, • • • , b, of X, a unique simple closed geodesic 
C[ which is freely homotopic to C\ in S. By cutting X along the geodesies C[,% = 
1, • • • , b, we obtain a Riemann surface Xq and b funnels adjacent to C[, % = 1, • • • ,b. 
Here a funnel is a Riemann surface of type (0,0,2), that is, homeomorphic to an 
annulus. The hyperbolic surface with totally geodesic boundary X C X is called 
the Nielsen kernel of X, and X is the Nielsen extension of Xq (see [2]). The Nielsen 
kernel is a deformation retract of X and can be viewed as embedded in X. 

The proof of Proposition 13. 61 uses the following: 

Lemma 3.8. Let X\ be the Nielsen extension of Xq. Then for any 7 S C, Ex 1 (7) < 
ExM- 
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Proof. This is a consequence of a monotonicity property for extremal length, which 
follows trivially from the definition. □ 



For any X, Y in 7{S), set 



and 



T(X,y) = ilog S up|^M 



T(X,F) = J log sup Ej 



2 7e ?£V(7) 



From Lemma 13.81 we readily get 



1 Ex h) 

For the Riemann surface X, let Xi be the Nielsen extension of X and let Xk+i 
be the Nielsen extension of Xf., k = 1, 2, • • • . In view of the canonical embeddings 
Xfe <—> Xk+i one can define the Riemann surface Xoo = X\ U X-2 U • • • which is 
called the infinite Nielsen extension of X. 

Bers [1] proved the following. 

Lemma 3.9 (Bers). TTie infinite Nielsen extension X x is a Riemann surface of 
type (g,p+b,0). 

Let us recall the following result of Maskit [13] (which is easily extended from 
the case without boundary to the case with boundary by taking doubles). 

Proposition 3.10 (Maskit). Let X be a Riemann surface of finite topological type 
and let 7 € C. We have 

kM<^ x(7) <kM e ^. 

7T 2 

From Lemma 13.01 we have linin^oo lx n {CD = 0,i = 1, • • • ,b. Combining with 
Lemma 13. 101 we obtain 

— 1 Exh) 

lim T(X,X n ) = lim -log sup *y ; = 00. 

n->oo n->oo 2 7 gg £/X„(7J 

We say that two functions / and g defined over 7(S) are called (A, C)-quasi- 
isometric if there exist constants C > and A > 1 such that, for any X, Y £ T(S'), 

Y)-C< f(X, Y) < Xg(X, Y) + C. 

From what precedes we get the following 
Theorem 3.11. The functions T and T are not quasi-isometric on T(S). 
Question 3.12. 

• Let T'(X,Y) = m&x(T(X,Y),T(X,Y)), for X,Y e 7(S). Is T'(X,Y) a 
metric on 7(S) ? 

• Does there exist X, Y 6 7(S), such that T(X, Y) < 0? 
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The extended mapping class group of S, denoted by MCG(S'), is the group of 
homotopy classes of homeomorphisms of this surface. This group acts naturally 
on the Teichmuller space 7{S) , and the quotient space by this action is the moduli 
space M(5) of S. Elements of M(5) are therefore homotopy classes of hyperbolic 
surfaces without marking. 

For any given e > 0, we call the e-thick part of moduli space the subset of 
M(5) consisting of homotopy classes of unmarked hyperbolic surfaces satisfying 
the following two conditions: 

(1) The length of any simple closed geodesic is > e. 

(2) The length of any geodesic arc is > e. 

A theorem by D. Mumford [14] says that in the case of surfaces of finite topo- 
logical type without boundary, the e-thick part of moduli space (which in this case 
is simply the subset of M(5) consisting of homotopy classes of surfaces satisfying 
Condition (1)) is compact. The proof of this theorem that is given in jB] can be 
adapted without difficulty to the case of hyperbolic surfaces with boundary if we 
include Condition (2) on geodesic arcs joining boundary components. For future 
reference, we state this as follows: 

Theorem 4.1 (Mumford's compactness theorem for surfaces with boundary). For 
any topologically finite type surface S and for any e > 0, the e-thick part of the 
moduli space of S is compact. 

In the paper [5], given two real numbers e and £q satisfying < e < Eq, we con- 
sidered the subspace of the Teichmuller space T(S), which we called the e^-relative 
e-thick part of Teichmulller space, consisting of equivalence classes of hyperbolic 
metrics satisfying the following two conditions: 

(a) The length of any clement in 6 is > e. 

(b) The length of any boundary component of S is < sq. 

We have the following 

Proposition 4.2. For any real numbers e and Eq satisfying < e < e$, the natural 
image of the EQ-relative e-thick part of Teichmulller space in the moduli space Jvl(S) 
is contained in some e' -thick part of moduli space, for some e' > depending only 
on e and Eq. 

Proof. We showed in [5] (Lemma 3.4) that for all X in the £o-relative e-thick part of 
T(5), to any geodesic arc (3 on S, we can associate a simple closed geodesic a on S 
such that the ratio lx{0)/lx{oi) is bounded above and below by positive constants 
that depends only on e and Eq. In particular, if the length of the simple closed 
geodesic a is bounded below by e, the length of the arc (3 is also bounded below by 
a constant that depends only on e and Eq. This gives the desired result. □ 



We recall that a weak metric on a set M is a function 5 : M x M — > [0, oo) 
satisfying 



compactness theorem 



5. Length spectrum weak metrics 




(b) for all x, y and z in M, S(x, y) + S(y, z) > S(x, z). 

and we say that the weak metric 5 is asymmetric if furthermore 

(c) there exist x and y in M satisfying 5{x,y) ^ S(y,x). 
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In the paper [5], we considered the following two functions on 7(S) x 7(S), where 
X and Y are represented by hyperbolic structures: 

(2) d(X,Y)= log sup ^4, 

(3) d(X,Y) =log sup . 

The functions in ((2]) and ((3]) are analogues, for surfaces with boundary, of asym- 
metric weak metrics introduced by Thurston in |20j for surfaces of finite type with- 
out boundary. We showed that these functions are asymmetric weak metrics on 
7{S) (Proposition 2.9 of [5], where the point is to prove the separation property). 
We also showed that these weak metrics can be expressed using suprema over the 
set 23 only. More precisely, we proved the following ([9] Proposition 2.12): 

For every X and Y in 7(S), we have 

(4) d (x,y)=logsup^. 

We also proved the following equalities (Corollary 2.8 of [H]) 

(5) d(X,Y) = d{X d ,Y d ), d{X,Y) =d(X d ,Y d ). 

The equalities in ([5]) are useful for obtaining results on the weak metrics d and d 
for a surface S with boundary from results on the corresponding weak metrics on 
the double of S, which is a surface without boundary. 

We also studied the following symmetrization of the weak metrics d and d: 

(6) £ L (X,r)=logmaxf sup ^4, sup j . 

\jeeus lx(l) 7 eeus <-y{1) J 

which, by (j4|) and (??), can also be expressed as 

(7) <5 L (X,y)=logmax(su P J44,sup^T J = max (d(X, Y),d(X, Y)) . 
From (J5]), we immediately deduce the following, for all X, Y in 7(S): 

(8) 6 L (X,Y) = 6 L (X d ,Y d ). 

In the same paper [5], we also considered the following symmetric function on 
the product 7(S) x 7(S): 

(9) d L (X, Y) = logmax (sup ^4, sup ^4 J ■ 

For surfaces of finite type without boundary, the functions 8l and c?l obviously 
coincide, and they define the so-called length spectrum metric on Tcichmiillcr space. 
This metric was originally considered by Sorvali [16j . and it has been studied by 
several authors, see e.g. [11] and [4]. 

For surfaces of finite topological type with nonempty boundary, 5l and d^ are 
distinct, but they both are metrics. In the paper [5], we gave a comparison between 
these metrics in the thick part of Teichmuller space. 
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Note the formal analogy between Kerckhoff 's Formula adapted to surfaces with 
boundary (Theorem l3.3p and Version ^ of the length spectrum asymmetric metric. 
But since the apparently asymmetric formula in Theorem l3 . 31 gives a genuine metric, 
Kerckhoff's formula is rather to be compared with the symmetrized length spectrum 
metric ([?])• Our goal in the next section is to give a precise comparison between 
these two metrics. 



6. Comparison of length spectrum metrics with the Teichmuller 

METRIC 

In this section, we use the preceding results to derive for surfaces with boundary 
some results which are already known for surfaces without boundary. 

The first result is an immediate consequence of Wolpert's inequality (Theorem 
O above): 

Theorem 6.1. For any surface S of topologically finite type and for any X and Y 
in 7(S), we have S L (X,Y) < 2d T (X,Y). 

The second result follows from a result obtained in [TH] for surfaces without 
boundary. 

Theorem 6.2. Let S be a surface of topologically finite type. The weak metrics d, 
d and 5l on 7(S) are complete. 

The result for the weak metrics d and d follows from the relations ([5]) and the 
completeness of the corresponding weak metrics for the Teichmuller spaces of sur- 
faces of finite type and without boundary (see [IHj). The result for the metric 8l 
follows from the definition, 5l = max(d, d). 

The following is an adaptation of the result obtained by Choi & Rah in [1] for 
surfaces with boundary. 

Theorem 6.3. Let S be a surface of topologically finite type. For any e and Eq 

satisfying Eq > e > , there is a constant D depending on e and £o such that for 
any X and Y in the eo-relative e-thick part ofl(S), we have 

(10) d{X,Y) - D <d T {X,Y) <d(X,Y)+D, 

(11) d(X,Y) - D < d T (X,Y) <d{X,Y) + D, 

(12) 5 L {X,Y)-D<d T (X,Y) <6 L (X,Y)+D 

Proof. We first prove the right hand side of Inequality (fl0|) . 
Consider the function 

(13) 

defined for X in the eo-relative e-thick part of 7(S) and 7 in TJA^S) . From the 
definition of the length of a measured lamination (see [8]), we have the homogeneity 
property E x (tj) = t 2 E x {l) and l x {tj) = t 2 l x (j) for all t > 0. Since TM^S 1 ) 
is compact and since the image of the eo-relative e-thick part of 7(S) in M(5) 
is compact (Theorem I4.1[) . the values taken by the function (|13p are uniformly 
bounded from above, that is, there exists a positive constant C which depends only 
on e and £q such that 



(14) 
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It follows from (JTJ) and (fl4"|) that for any X, Y in the eo-relative e-thick part of 
7(S), we have 



E Y {l) 2n\ X (S)\ ni2 
E x {l) ~ 



Therefore, 



d T (X,Y) = ilog sup ^ ^ l0 S SU P It4 + ^log(27r| X (5)|C) 

= log sup l ^l + h g(2n\ X (S)\C) 
= d(X,Y) + ± log (2n\ X (S)\C). 



From this, we obtain the right hand side inequality in (1101) . 
The proof of the right hand side inequality in is similar. 
We can use ([T]) and (|14[) again to show that 

Mr) > ; x(7) 

£k( 7 ) " 27r|x(S)|CZ2(7)' 

which gives 

drP^ V) > 2d(X, y) - D > d(X, Y) - D 
for some D depending on eo and e. Since dx is symmetric, we also have 

dr(X,Y) > d{X,Y) - D. 

Inequalities (112p follow from the two previous ones and from the definition 
S L (X,Y) = max (d(X,Y),d(X,Y)). □ 

Threorem 16.31 gives in particular a comparison between the functions d and dr 
for pairs of points in an £o-relative e-thick part of Teichmullcr space. The following 
theorem gives information on pairs of points that are not necessarily in an eo-relative 
e-thick part of the space. 

Theorem 6.4. Let S be a surface of topologically finite type and {X n ) n ^ be a 
sequence of elements in 7(S). Then, 

lim dr(X n , Xq) = oo <^=^> lim d(X n , Xq) = oo. 

n — ►oc n — >oo 

Proof. Theorem 16.11 implies that if \xm n ^ 00 d{X n ,Xo) = oo, then we also have 
limn^oo dr(X n , X ) = oo. 

For the converse, suppose that limn—^ dr{X n , Xq) = oo. First, consider the 
following two special cases: 

(1) The sequence (X n ) n£ ^ stays in some eo-relative e-thick of 7(S) for some 
£o > e > 0. In this case, by Theorem 16.31 (flO|) . lim^oo d(X n , Xq) = oo. 

(2) The sequence (X n ) n& j^ leaves any eo-relative e-thick part of 7(S). In this 
case it follows from the definition of d that lim^oo d(X n ,Xo) = oo. Now we dis- 
cuss the general case. We reason by contradiction. Suppose that the sequence 
d(X n ,Xo) does not go to infinity as n goes to infinity. Then there exists a subse- 
quence (X nk )keN of (X n ) such that the set {d(X nk ,X ),k £ N} is bounded. From 
the second special case above, if the subsequence (X nk ) leaves any eo-relative e- 
thick part of 7(S), we get a contradiction. Therefore, up to taking a subsequence 
again, we can assume that there exists an eo-relative e-thick part of 7(S) which 
contains the sequence of (X nk ). But the first case above shows that this yields a 
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contradiction. 

□ 

Theorem 6.5. Let S be a surface of topologically finite type and let (X n ) ra >o be a 
sequence of elements in 7(S). Then, 

lim d,T(X n , Xq) = if and only if lim 5l(X„, Xq) = 0; 

n — >oo n — >oc 

Proof. Wc know that, for any X, Y 6 7(S), d T (X, Y) = d T (X d , Y d ) and S L (X, Y) = 
SL{X d ,Y d ). By the topological equivalence proved in [TU], [TS], we have 

lim d T {X d , X$) = if and only if lim 5 L {X d , X$) = 0. 

n — >oo n — >oc 

This proves the theorem. □ 

We proved in [5] that for any surface S of topologically finite type, d, d, dj, and 
5l induce the same topology on 7(S). Putting this result with Theorem E3] we get 
the following 

Theorem 6.6. Let S be a surface of topologically finite type. The weak metrics d, 
d, and the metrics dh, o"l and dx induce the same topology on 7{S). 
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